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Abstract

Previous work on learning regular languages from ex-
emplary training sequences showed that Long Short-
Term Memory (LSTM) outperforms traditional recur-
rent neural networks (RNNs). Here we demonstrate
LSTM’s superior performance on context free language
(CFL) benchmarks, and show that it works even better
than previous hardwired or highly specialized architec-
tures. To the best of our knowledge, LSTM variants are
also the first RNNs to learn a context sensitive language
(CSL), namely, a™b™c".

1 Introduction

Until recently standard recurrent neural networks
RNNs (see survey by Pearlmutter, 1995) have been
plagued by a major practical problem: the gradi-
ent of the total output error with respect to previ-
ous inputs quickly vanishes as the time lags between
relevant inputs and errors increase. Hence standard
RNNs fail to learn in the presence of time lags ex-
ceeding as few as 5 - 10 discrete time steps between
relevant input events and target signals.

The recent “Long Short-Term Memory” (LSTM)
method [3], however, is not affected by this prob-
lem. LSTM can learn to bridge minimal time lags in
excess of 1000 discrete time steps by enforcing con-
stant error flow through “constant error carousels”
(CECs) within special units, without loss of short
time lag capabilities. Multiplicative gate units learn
to open and close access to the constant error flow.
Moreover, LSTM’s learning algorithm is more effi-
cient than previous RNN algorithms such as real
time recurrent learning (RTRL) and back propaga-
tion through time (BPTT): it is local in space and
time, with computational complexity O(1) per time
step and weight.

Previous work showed that LSTM outperforms tra-
ditional RNN algorithms on numerous tasks involv-
ing real-valued or discrete inputs and targets [2, 3],
including tasks that require to learn the rules of reg-
ular languages (RLs) describable by deterministic
finite state automata (DFA). Until now, however,
it has remained unclear whether LSTM’s superior-
ity carries over to tasks involving context free lan-
guages (CFLs), such as those discussed in the RNN

literature [7, 9, 8, 5, 6]. Their recognition requires
the functional equivalent of a stack. It is conceiv-
able that LSTM has just the right bias for RLs but
might fail on CFLs. Here we will focus on the most
common CFL benchmarks: a™b™ and a™b™B™A"™.
Finally we will apply LSTM to a context sensitive
language (CSL). The CSLs include the CFLs, which
include the RLs. We will focus on the classic example
a™b™c™, which is a CSL but not a CFL. In general,
CSL recognition requires a linear-bounded automa-
ton, a special Turing machine whose tape length is
at most linear in the input size. To our knowledge
no RNN has been able to learn a CSL.

2 LSTM

We are using LSTM with forget gates and the re-
cently introduced peephole connections [1]. The ba-
sic unit of an LSTM network is the memory block
containing one or more memory cells and three
adaptive, multiplicative gating units shared by all
cells in the block. Each memory cell has at its core
a recurrently self-connected linear unit called the
“Constant Error Carousel” (CEC) whose activation
is called the cell state. The CECs enforce constant er-
ror flow and overcome a fundamental problem plagu-
ing previous RNNs: they prevent error signals from
decaying quickly as they “back in time”. The adap-
tive gates control input and output to the cells (in-
put and output gate) and learn to reset the cell’s
state once its contents are out of date (forget gate).
Peephole connections connect the CEC to the gates.
All errors are cut off once they leak out of a memory
cell or gate, although they do serve to change the in-
coming weights. The effect is that the CECs are the
only part of the system through which errors can
flow back forever, while gates etc. learn the non-
linear aspects of sequence processing. This makes
LSTM’s updates efficient without significantly af-
fecting learning power: LSTM’s learning algorithm
is local in space and time; its computational com-
plexity per time step and weight is O(1). The CECs
permit LSTM to bridge huge time lags (1000 dis-
crete time steps and more) between relevant events,
while traditional RNNs already fail to learn in the
presence of 10 step time lags, despite requiring more



complex update algorithms.

Forward Pass. See Gers and Schmidhuber (2000)
for a detailed description of LSTM’s forward pass
with forget gates and peephole connections. Essen-
tially, the cell output, y¢, is calculated based on the
current cell state s. and four sources of input: to the
cell itself, to the input gate, to the forget gate and in-
put to output gate. All gates have a sigmoid squash-
ing functions with range [0, 1]. The state of memory
cell s.(t) is calculated by adding the squashed (the
squashing function g is a sigmoid with range [—1, 1]),
gated input to the state at the previous time step
sc(t—1), which is multiplied by the forget gate activa-
tion. The cell output y° is calculated by multiplying
(gating) s.(t) by the output gate activation.
Gradient-Based Backward Pass. Essentially,
LSTM’s backward pass (for details see Hochreiter
and Schmidhuber (1997) and Gers et. al. (2000))
is an efficient fusion of slightly modified, truncated
BPTT and a customized version of RTRL. We are
using iterative gradient descent, minimizing an ob-
jective function E, here the usual mean squared
error function. Unlike BPTT and RTRL, LSTM’s
learning algorithm is local in space and time.

3 Experiments

The network sequentially observes exemplary
symbol strings of a given language, presented one
input symbol at a time.

Following the traditional approach in the RNN lit-
erature we formulate the task as a prediction task.
At any given time step the target is to predict the
possible next symbols, including the terminal sym-
bol T. When more than one symbol can occur in the
next step all possible symbols have to be predicted,
and none of the others.

Every input sequence begins with the start symbol
S. The empty string, consisting of ST only, is con-
sidered part of each language. A string is accepted
when all predictions have been correct. Otherwise it
is rejected.

This prediction task is equivalent to a classification
task with the two classes “accept” and “reject”, be-
cause the system will make prediction errors for all
strings outside the language. A system has learned
a given language up to string size n once it is able
to correctly predict all strings with size < n.
Symbols are encoded locally in d-dimensional vec-
tors, where d is equal to the number of symbols of
the given language plus one for either the start sym-
bol in the input or the terminal symbol in the output
(d input units, d output units, each standing for one
of the symbols). +1 signifies that a symbol is set and
—1 that it is not set; the decision boundary for the
network output is 0.0.

CFL a™b™ [9, 8, 7, 5]. Here the strings in the in-
put sequences are of the form a™b™, input and out-
put vectors are 3-dimensional. Before the first occur-
rence of b either a or b, or a or T' at sequence begin-
ings, are possible in the next step. Thus, e.g., for n=

Input: S a a a a bbbb
Target: a/T a/b a/b a/b a/b b b b T

CFL a™b™B™A"™ [6]. The second half of a string
from this palindrome or mirror language is com-
pletely predictable from the first half. This task in-
volves an intermediate time lag of length 2m. In-
put and output vectors are 5-dimensional. Before
the first occurrence of B two symbols are possi-

ble in the next step. Thus, e.g., for n =2,m = 2:
Input: S a a b b BB A A
Target: a/T a/b a/b b/B b/B B A A T

CSL a™b"c". Input and output vec-
tors are 4-dimensional. Before the first oc-
currence of b two symbols are possible
in the next step. Thus, eg., for n = 3:

Input: S a a a bbbccec
Target: a/T a/b a/b a/b b b c cc T

3.1 Training and Testing

Learning and testing alternate: after 1000 train-
ing sequences we freeze the weights and run a test.
Training and test sets incorporate all legal strings
up to a given length: 2n for a™b", 3n for a™b"c" and
2(n + m) for a™b™B™A™. Only positive exemplars
are presented. Training is stopped once all train-
ing sequences have been accepted, or after at most
107 training sequences. The generalization set is the
largest accepted test set.

Weight changes are made after each sequence. We
apply the momentum algorithm with learning rate
a is 10~° and momentum parameter 0.99. All re-
sults are averages over 10 independently trained net-
works with different weight initializations (the same
for each experiment).

CFL a"b". We study training sets with n €
{1,.., N}. We test all sets with n € {1,.., M} and
M €{N,..,1000} (sequences of length < 2000).
CFL a"b™B™A™. We use two training sets: a) The
same set as used by Rodriguez and Wiles (1999) :
n € {1,.,11}, m € {1,..,11} with n + m < 12 (se-
quences of length < 24). b) The set given by n €
{1,..,11}, m € {1,..,11} (sequences of length < 48).
We test all sets with ne {1,.., M}, me{1,.., M} and
M e{11,..,50} (sequences of length < 200).

CSL a™b™c™. We study training sets with the same
parameters as for the CFL a™b". We test all sets
with ne{1,.., M} and M €{N,..,500} (sequences of
length < 1500).



3.2 Topology and Experimental Parameters

The input units are fully connected to a hidden
layer consisting of memory blocks with 1 cell each.
The cell outputs are fully connected to the cell in-
puts, to all gates, and to the output units, which
also have direct “shortcut” connections from the in-
put units. All gates, the cell itself and the output
unit are biased. The bias weights to input gate, for-
get gate and output gate are initialized with —1.0,
+2.0 and —2.0, respectively (these are standard val-
ues, which we use for all our experiments; precise
initialization is not critical here). All other weights
are initialized randomly in the range [—0.1,0.1]. The
cell’s input squashing function g is the identity func-
tion. The squashing function of the output units is
a sigmoid function with the range [-2,2].

CFL a"b". We use one memory block (with one
cell). Without the 3 peephole connections there are
37 adjustable weights (28 unit-to-unit and 7 bias
connections).

CFL a"b™B™A". We use two blocks (with one cell
each), resulting 114 adjustable weights (91 unit-to-
unit and 13 bias connections).

CSL a™b"c"™. We use the same topology as for the
a™b™B™ A™ language, but with 4 input and output
units instead of 5, giving 84 adjustable weights (72
unit-to-unit and 12 bias connections).

3.3 Previous results

CFL a™b™. Published results on the a™b" lan-
guage are summarized in Table 1. RNNs trained
with plain BPTT tend to learn to just reproduce
the input [9, 8, 5]. Sun et al. (1993) used a highly
specialized architecture, the “neural pushdown au-
tomaton”, which also did not generalize well.

CFL a™"b™B™A". Rodriguez and Wiles (1998) used
BPTT-RNNs with 5 hidden nodes. After training
with n + m < 12 (sequences of length < 24), the
best network generalized to sequences up to length
36 (n = 9,m = 9). But their networks did not learn
the complete training set, and generalization was re-
stricted to few strings with n,me {1,..,9}.

CSL a™b"™c". To our knowledge no previous RNN
ever learned a CSL.

3.4 LSTM Results

CFL a™b™. 100% solved for all training sets (lhs
of Table 2). Small training sets (n€{1,..,10}) were
already sufficient for perfect generalization up to the
tested maximum: n € {1,..,1000}. Note that long se-
quences of this kind require very stable, finely tuned
control of the network’s internal counters.

This performance is much better than in previous
approaches, where the largest set was learned by
the specially designed neural push-down automa-

ton [7] n€{1,..,160}. The latter, however, required
training sequences of the same length as the test
sequences. From the training set with n € {1,..,10}
LSTM generalized to n € {1,..,1000}, whereas the
best previous result (see Table 1) generalized only
to n€{l,..,18} (even with a slightly larger training
set: ne{1,..,11}).

In contrast to Tonkes and Wiles (1997), we did not
observe our networks forgetting solutions as training
progresses. So unlike all previous approaches, LSTM
reliably finds solutions that generalize well.

CFL a"b™B™A"™. Training set a): 100% solved;
after 29 - 10% training sequences the best network
of 10 generalized to at least n,m € {1,..,22} (all
strings until a length of 88 symbols processed cor-
rectly); the average generalization set was the one
with n,me{1,..,16} (all strings until a length of 64
symbols processed correctly), learned after 25 - 103
training sequences on average.

Training set b): 100% solved; after 26 - 10° train-
ing sequences the best network generalized to at
least n,m € {1,..,23} (all strings until a length of
92 symbols processed correctly). The average gener-
alization set was the one with n,m € {1,..,17} (all
strings until a length of 68 symbols processed cor-
rectly), learned after 82 - 103 training sequences on
average.

Unlike the previous approach of Rodriguez and
Wiles (1998), LSTM easily learns the complete
training set and reliably finds solutions that gen-
eralize well.

CSL a™b"c™. LSTM learns 4 of the 5 training sets
in 10 out of 10 trials (only 9 out of 10 for the train-
ing set with n € {1,..,40}) and generalizes well (rhs
Table 2). Small training sets (n€{1,..,40}) were al-
ready sufficient for perfect generalization up to the
tested maximum: n € {1,..,500}, that is, sequences
of length up to 1500.

3.5 Analysis

How do the solutions discovered by LSTM work?
CFL a"b". The cell state s. increases while a sym-
bols are fed into the network, then decreases (with
the same step size) while b symbols are fed in. At
sequence beginnings (when the first a symbols are
observed), however, the step size is smaller due to
the closed input gate, which is triggered by s, itself.
This results in “overshooting” the initial value of s,
at the end of a sequence and leads to the prediction
of the sequence termination.

CFL a"b™B™A". The network learned to establish
and control two counters, the two symbol pairs (a,
A) and (b, B) are treated separately by two differ-
ent cells, c2 and ¢y, respectively. Cell ¢y tracks the
difference between the number of observed a and A
symbols. It opens only at the end of a string, where



and the largest accepted test set.

Table 1. Previous results for the CFL a"b", showing (from left to right) the number of hidden units or state units,
the values of n used during training, the number of training sequences, the number of found solutions/trials

| Reference | Hidden Units | Train. Set [n] | Train. Str. [10%] [ Sol./Tri. | Best Test [n]|

[T 5 1,..,160 135 1/1 1,..,160
9 2 1,11 2000 /20 1,.,18
8 2 1,.,10 10 13/100 1,.,12

[5] 2 1,11 267 8/50 1,16

Table 2. Results for the CFL a™b™ (lhs) and for the CSL a™b"c" (rhs), showing (from left to right) the values for n
used during training, the average number of training sequences until best generalization was achieved (av-
erage over all networks given in parenthesis), the percentage of correct solutions and the best generalization

(average over all networks given in parenthesis).

CFL a™b" CSL a™b"c"

Train. Set [n] | Train. Str. [10%] | Generalization Set [n] [ Train. Str. [10%] | Generalization Set [n]
T...10 32 (19) 1,.,1000 (1,.,118) 51 (62) T,..52 (1., 28)
1..20 18 (19) 1,.,587 (L,., 148) 28 (43) 1,.,160 (1,.,66)
1,.,30 16 (19) 1,..,1000 (1,.,408) 37 (43) 1,.,228 (1,.,91)
1,..40 25 (28) 1,..,1000 (1,..,628) 51 (43) 1,..,500 (L,..,120)
1,.,50 12 (40) 1,.,767 (1,..,430) 60 (94) 1,..,500 (1,.,40)

it predicts the final T'. Cell ¢; treats the embedded
b™B™ substring in a similar way. While values are
stored and manipulated within a cell, the output
gate remains closed. This prevents the cell from dis-
turbing the rest of the network and also protects its
CEC against incoming errors.

CSL a™b"c™. The network solutions use a combina-
tion of two counters, instantiated separately in the
two memory blocks. Here the second cell counts up,
given an a input symbol. It counts down, given a b.
The second memory block does the same for b, c,
and a, respectively.

4 Conclusion

We found that Long Short-Term Memory (LSTM)
clearly outperforms previous RNNs not only on reg-
ular language benchmarks (according to previous
research) but also on context free language (CFL)
benchmarks. It learns faster and generalizes better.
LSTM also is the first RNN to learn a context sen-
sitive language.
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